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ABSTRACT: We compute the current exchanges between triplets of higher spin fields which
describe reducible representations of the Poincare group. Through this computation we
can extract the propagator of the reducible higher spin fields which compose the triplet.
We show how to decompose the triplet fields into irreducible HS fields which obey Fronsdal
equations, and how to compute the current-current interaction for the cubic couplings
which appear in [1] using the decomposition into irreducible modes. We compare this
result with the same computation using a gauge fixed (Feynman) version of the triplet
Lagrangian which allows us to write very simple HS propagators for the triplet fields.
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1 Introduction

The theory of interacting massless and massive higher spin (HS) fields (see [2]-[3] for
reviews) is attracting growing interest. Until now the consistent interaction vertices for the
massless and massive higher spin fields, both on flat and constant curvature backgrounds,
have been obtained in frame - like [4] and in metric-like [5]-[20] formulations. However,
the studies in this directions are far from being complete. The most challenging problems
are to build the complete systematics of the interacting higher spin fields and understand
the possible role and connection of these kind of theories with string and M- Theory. One
particular problem involves further study of the cubic interactions which have already
been constructed in various approaches in order to obtain effective actions which contain
interaction terms of an order higher than cubic (see e.g. [21]).

In the present paper we shall follow the covariant BRST formulation of the interacting
higher spin fields [12] (see also [8] for the earlier work in this direction). As a first step
in this set-up one constructs a BRST charge and the BRST-invariant free Lagrangian
(see [22]-[26] for other gauge-invariant descriptions for massive and massless higher spin
fields) which describes the propagation of symmetric higher spin modes either on flat or
AdS space. As a result of the gauge-invariant formulation, the free Lagrangian contains a
number of auxiliary fields. The total system of fields is called a “triplet” for the case of



reducible massless symmetric representations of Poincare or Anti de Sitter group [27]-[30],
or “generalized triplet” for the case of reducible representations of the Poincare group with
mixed symmetry [31]. The second step is to make a consistent nonlinear deformation of
the quadratic Lagrangian and of the abelian gauge transformations by building the BRST-
invariant cubic vertex. The extension of this method to the case of massive higher spin
fields is straightforward, the only difference being that one has to use the BRST charge
for massive reducible representations of the Poincare group [32]-[33]. An advantage of this
approach is that in contrast to the BRST charge describing the propagation of irreducible
higher spin modes [35]-[36], the BRST charge for triplets and generalized triplets has a
much simpler form. This in turn simplifies the problem of finding the BRST-invariant
cubic interaction vertex for either massless or massive fields.

However, it is not clear how far one can pursue the study of interactions between
reducible representations in order to build complete systematics or at least to achieve a
better understanding of interacting higher spin theory. Therefore, a study of interactions
between the fields which belong to the irreducible representations of Poincare and AdS
groups are of extreme importance. There are several reasons for this: apart from the fact
that the original interacting higher spin theory has been constructed for irreducible modes
in the frame-like approach [4], a BRST charge describing a massive triplet or a generalized
triplet on an AdS space has not been constructed yet.! Furthermore, a computation of four
point scattering amplitudes, or Witten diagrams in the case of an AdS space for reducible
higher spin modes can be rather complicated because of the presence of nonphysical pure
gauge degrees of freedom in corresponding Lagrangians. Obviously these degrees of freedom
should be gauged away in order to build a consistent perturbation theory. In other words,
the pure gauge degrees of freedom, which simplify the structure of the free Lagrangian and
the interaction vertexes, cause difficulties when analyzing Feynman diagrams and scattering
amplitudes and the main goal of the present paper is to address this problem.

To summarise: our strategy is to start from the Lagrangian describing interacting
reducible representations of the higher spin modes, since the construction of these kind of
gauge-invariant Lagrangians is much simpler than for irreducible ones. As a second step
in order to build the perturbation theory we extract the corresponding propagators for
irreducible higher spin modes from the Lagrangian describing massless reducible higher
spin fields. This program turns out to be technically rather complicated and we describe
it in great detail. As an application of this procedure we consider the problem of current-
current exchange for the case where reducible higher spin modes are coupled to scalar
fields. We leave the application of the technique developed in this paper for the case of
more complicated systems when one has interactions between infinite number of triplets,
for further study.

We would like to point out that our results described in section 3 for diagonaliziation
of the Lagrangian which contains reducible fields in terms of Fronsdal Lagrangians for
irreducible fields, has been checked explicitly only up to spin 4. Nevertheless we have

!One can construct, however, the Lagrangian describing an interaction between a higher spin modes and
massive scalars from the one describing the massless fields [1].



provided an ansatz which we believe that it diagonalizes the triplet Lagrangian for arbitrary
spin-s. Based on the non-trivial nature of the diagonalization procedure for spin 4 as well
as some qualitative features, which appear in the comparison of these results with those of
section 4, we suggest that the procedure proposed for the decomposition of the Lagrangian
describing “triplets” into the Fronsdal Lagrangians for irreducible fields is correct.

2 Higher spin triplets: notation and conventions

In this section we shall briefly summarise the technique of building BRST-invariant cubic
vertexes [12]. We shall explain it on an example of massive triplets which, despite being a
very simple generalization of the vertex given in [14] has not been presented elsewhere.?

Let us start from the massless triplet in D + 1 space-time dimensions. To this end we
introduce an auxiliary Fock space spanned by oscillator and ghost variables

[O‘M’a}] =TMN, {C+’b} = {C’b+} = {CO’bO} =1, (21)
and the vacuum in the Hilbert space is defined as:
ap|0) =0, ¢|]0) =0, bl0) = 0, bl0) = 0. (2.2)

Obviously, one can consider an arbitrary number of these oscillators, thus describing re-
ducible representations of the Poincare group with mixed symmetry [31]. Although the
generalization to this case is straightforward we shall consider only totally symmetric rep-
resentations. The corresponding BRST charge has the form:

Q = colg + ¢l + clt — cteby (2.3)

with Iy = pMpar, [ = aMpys, py = —id.

The functional (named “triplet” [29]) which contains both physical reducible represen-
tations of the Poincare group with arbitrary integer spins and auxiliary nonphysical fields
is the most general expansion in terms of the ghost variables with the ghost number zero

|®) = |p1) + cold2) = |@) + ¢t bF |d) +co b |c)

and the component fields are given by:

1
lo) = ] oy, ()M oMt 0)
1
|d> = 7)| DMl---Ms—Q(x)aMH_ .

M572+0

e

o) = ﬁCMI___MS_I(x)aMlJF...onS‘lJr 0) - (2.4)

Furthermore, one can perform a dimensional reduction to D dimensions thus describing
a massive theory in one dimension lower [32]-[33]. The corresponding BRST charge

Q = colo + ¢l + ™ + com® + ¢c"map + emah —cteby, lo=p'p, 1=atp,, (2.5)

2 A related discussion with respect to the high energy limit of Open String Field Theory appears in [15].



contains the constant mass parameter m and therefore all fields in the triplet have the
same value of mass.However one can make the mass parameter oscillator dependent [34]
thus considering a Regge trajectory similar to the one present in the bosonic string theory.
The construction of the interaction vertex in this case is much more involved and we
shall not consider this interesting possibility here. Having constructed the nilpotent BRST
charge one can write the BRST-invariant free Lagrangian

£~ [den@ialo) (2.6)
which is invariant under the gauge transformations
i
8|®) = QIA), A =bT N, N = GO Mgy ()M oMt 0y (2.7)

The free equations of motion and gauge transformation rules for the massive triplet can
be easily obtained from (2.4), (2.5), (2.6) and (2.7) after making the decomposition aj, —

(g, ap)
wr =D
(lo +m?)|p) = (I +ma})le) (2.8)
(lo + m2)|d> = (I 4+ map)|c) (2.9)
lc) = (IT +map)ld) — (I +map)|p) (2.10)

while the gauge transformation rule (2.7) gives
3oy = (T +maf)IN),  dld) = (I +map)|A), dlc) = (lo +m?)|N). (2.11)

In order to describe cubic interactions one introduces three copies (i = 1,2,3) of
the Hilbert space defined above, as in bosonic Open String Field Theory [37]. Then the
Lagrangian has the form

3
L = Z/dcg@iniycb,) +g (/ dc(l]dcgdcg@l\(<1>2\(<1>3HV>+h.c> , (2.12)
=1

where |V) is the cubic vertex and ¢ is a coupling constant. The Lagrangian (2.12) is
invariant up to the first order in the coupling constant g with respect to the nonabelian
gauge transformations

310 = Qils) —g [ e (@enal(Aival + @isal A DIVI], (213)
provided that the vertex |V') satisfies the BRST invariance condition

ZQim =0. (2.14)

Further on, in order to simplify equations in the rest of this section we introduce bilinear

combinations of the oscillators

,y+72-] — c+7lb+7]’ B+7Z] — C+7Zb-6 M+7Z.] — §a+7ﬂ7za+7ﬂv.7 (215)



which have ghost number zero. Further we take an ansats for the vertex

V) = V1 x V2 =)103, (2.16)
|—)123 = €jcgen|0)1 @ [0)2 ® |0)s
with
Vi =exp ( Y;le“ij + Z¢j5+’ij + Uz‘jmiazr)’j ) (2.17)

V2 = exp ( Siyt + Py M+ Rijaian?),

where P;; = Pj;, R;; = Rj;. We have also assumed that m; = mo = mg3. However, this
requirement is not a necessity and one can still find a solution when this requirement is
relaxed. Putting this ansatz into the BRST invariance condition and using momentum
conservation ph + pi + pi = 0 one can obtain a solution for Y"* U"® and Z"*

Ziiv1+ Zijir2 = 0 (2.18)
Yiit1 = Yii — Zii — 1/2(Z; iv1 — Ziit2) (2.19)
Yiite = Yii — Zii + 1/2(Z; i1 — Zi i12).
Zii+ Zijit1r + Ziiv2 = Ui + Uiy + Uigai

Sz‘j = Pij = Rz‘j =0 ) 7éj 2.20)
Rj—Si=0 i=123 (2.21)
Pi—S;=0 =123

In what follows we will assume cyclic symmetry in the three Fock spaces which implies
along with (2.18) and

Zig = Loz = 431 = Zg,
Uiz = Uaz = Uz = Uy,
Yio = Yo3 =Y31 =Y,

Joy =213 =1J3p =Ly = —Z,
Uy = U3 =Uso = U
You=Yi3 =Y =Y,

Yvii:Y’
S=P=R

Ziv=2, Py=P, 5;=05,

Choosing the value of the parameter S to be equal to 1 one can make the above solution
exact to all orders in the coupling constant in complete analogy with [14]. It can be checked
directly that this solution belongs to nontrivial cohomologies of the BRST charge (2.5) and
thus can not be obtained via the field redefinitions from the free Lagrangian® Let us also

3 The nontrivial cohomology means that the vertex cannot be written in the form |[V) = Q|W), where |[W)
an arbitrary functional having ghost number —2 (see [12] for details). Such interactions are generated by field
redefinitions of the form |¢;) = (pi+1, pi+2||W). Actually if we drop the requirement for cyclic symmetry the
most general field redefinition would generate an interaction of the form [0V) = Q1|W1)+Q2|W2) +Q3|W3),
which corresponds to the case when we redefine the three fields separately in the free Lagrangian using three
independent functionals |W;). Therefore in practice when the cyclic symmetry of the vertex is not required
in order to exclude all vertexes which can be obtained from the free Lagrangian via the field redefinitions
one needs to check that the solution of cohomologies of the BRST charge Q does not have the form
QW1) + Q2|W2) + Qs|W3).



note that one can make the triplet matrix valued, and consider a theory with a nonabelian
gauge group in complete analogy with the string theory.

As an alternative example one can consider a different condition on the mass parame-
ters; in particular mq +mo + ms = 0. This case will correspond to a dimensional reduction
of the vertex given in [14]. In this case parameters U;; will obey exactly the same conditions
as the parameters Y;;.

An important point is that one can consistently put the mass parameter(s) m; equal to
zero and decouple oscillators o% which correspond to the compact dimension. In this way
one recovers the interacting system of massless triplets described in [14]. As for the case
of interacting massless triplets, the case of interacting massive triplets requires an infinite
number of them in order to ensure the exactness of the vertex in all orders in coupling
constant g.

The next natural step is to construct the full perturbation theory for this model of
interacting higher spins. To this end one needs to gauge fix the action in order to avoid
propagation of the pure gauge degrees of freedom and extract the propagators of individual
physical higher spin modes. This program turns out to be technically involved and as a
first step instead of building the perturbation theory for this model, we shall consider a
system of interacting triplets where their number is finite. As we mentioned above in this
case the vertex is no longer exact to all orders in the coupling constant and therefore there
is a certain freedom in the definition of the coupling constants. These coupling constants
can be presumably fixed in the full interacting theory which in principle can be different
from the solution described above, since one can not claim that this solution is unique.

Therefore in the following, let us consider the simple case of the system of one massless
triplet which describes spins s,s — 2,...,1/0 interacting with two scalar fields [1]. The
general solution for a gauge invariant Lagrangian to the lowest order in ¢ can in principle
be deduced from (2.18) if one drops the requirement for cyclic symmetry and sets m; = 0.
The exactness of the vertex to all orders in g is also no longer required, so one can consider
a finite number of interacting triplets. If we keep the masses of the two scalars nonzero
the interaction vertex remains the same as for the massless case, but the free Lagrangian is
that of massive scalar triplets. This is the equivalent model to the one considered in [19],
where the scalars play the role of matter charged under HS gauge fields. These higher spin
fields gauge the rigid symmetries of the free action for the scalars. One can also make a
deformation of this solution for an AdS space but we shall not consider this possibility here.
In components the free part of the Lagrangian of (2.12), for a spin-s triplet can be written

E:—% (Oup)? + 50-9C + s(s—1)0-CD
s(s—1)

2 5 42
5 (0uD) 20 ) (2.24)

where we have rescaled all fields of the triplet by a factor ps — V/s! ¢, as can be easily
seen by computing the bracket (®|Q|®) using the definitions of (2.4). The free equations



of motion for a triplet on a flat background are

Oe¢ = 0C,
C=0-¢—0D,
OD = a-C, (2.25)

along with the gauge transformations
0p=0A oC=0N D=0\ (2.26)

Here, as usual, 0- denotes the divergence and 9 denotes the symmetrized derivative without
contraction of indexes. Using the expression of the vertex in [1], or equivalently setting
m; = 0 and dropping the cyclicity requirement in (2.16)—(2.22), we can write the cubic
interaction for two scalars and one arbitrary HS triplet

5] N
L =" =2 Wi g+ he, (2.27)

— (29)!(s — 2q)! i

where WY{ is defined in [29]

Wi = pld — 9 DI spe = gAlY (2.28)

s—2 s—1>

and gp[sq] is the gth trace of the tensors g of rank-s. The currents are defined as [7]

s—2q
T =2 <S , 2q> (—1)7 (91,917 y) (Dt ... Qa2 gy (2.29)

r
r=0

and Ny_g, is an undetermined constant which probably gets fixed once we have the fully
consistent, interacting HS theory to all orders in the coupling constant. That is, we expect
that closing the algebra of gauge transformations and gauge invariance of higher order
interactions will constrain these coefficients. Their precise values are not important for
our present discussion and we will not use them any more, but we will assume that they
are non-vanishing and therefore consistent interactions of the type in (2.27) do exist in the
fully-gauge invariant theory. Moreover the explicit form of the currents is not needed in
what follows. Since we shall consider current-current interactions for external currents with
intermediate HS states propagating, the only property we shall use for our computations is
their conservation. Nevertheless, if one considers a scattering process between dynamical
scalar fields, the explicit form of the currents is needed [19].

Our goal in the following sections is to compute the current-current interaction between
the currents (2.29) using two methods. First, by decomposing W¢ into irreducible fields;
and second by directly using the W{ propagator in a particular gauge. This way we will
deduce the propagator of the triplet fields in (2.24) which to our knowledge has not been
considered elsewhere.



3 Decomposition of higher spin triplets into irreducible higher spin fields
and current-current interactions

In order to compute scattering amplitudes using Feynman rules we will need to decom-
pose the triplets into irreducible modes and apply this decomposition to the free La-
grangian (2.24). We expect that the Lagrangian for the triplet will become a sum of
Fronsdal Lagrangians for irreducible higher spin states of spin s,s — 2,...,1/0. This de-
composition is a long and difficult task which to our knowledge has not been presented
elsewhere. We will take an interacting Lagrangian to be of the form (2.27) with currents
given by linear combinations of those in (2.29). Once we have completed this task we will
compute the current exchanges using the same methods as in [13].

3.1 Decomposition of )V states in terms of irreducible modes

In this subsection we will demonstrate how we can decompose the fields W{ in terms
of individual (Fronsdal) higher spin modes ¥. We use the W{ fields since their gauge
transformation has the simple form (2.28). Nevertheless, W transform with a tracefull
gauge parameter and off shell their double trace is not zero, unlike the double trace of the
irreducible higher spin mode which appears in the Fronsdal description [5]. Moreover, the
equations of motion for W{ are not decoupled among each other

FWE = 0OWI — 98 - W2 + 9>(We) = 9> it (3.1)

where F is the Fronsdal operator. After complete gauge fixing the triplet describes irre-
ducible HS fields with spins s, s—2...1/0. These physical modes correspond to the on-shell
modes of W{ [3, 29]. Notice that setting in (3.1) W = 0,¢ > 1 we recover the Fronsdal
equations of motion for an irreducible HS field of spin-s and all lowest spin fields effectively
dissapear. Our goal is to extract irreducible Fronsdal fields from the triplet Lagrangian,
which are double traceless (off shell) and transform with a traceless gauge parameter.

Let us demonstrate with a few low spin examples our decomposition method and then
we will give the general formula. It is more convenient to work with the Lagrangian after
we have eliminated the auxiliary field Cs_y

1
L=—3 @) + 5092 + s(s—1)0-0-9D

2
+s(s— 1) (9,D) + w

(0-D)%. (3.2)
Let us note, that the non dynamical field C' naturally appears as a result of a general
expansion of the functional |®) in terms of the ghost variables. Moreover its presence
is required by the form of the gauge transformations (2.7) since the BRST charge (2.3)
when acting on the parameter of gauge transformations |A) gives rise to a term —cob*J|\)
proportional to the combination cyb™. In principle one can consider the system with
the constrained parameter of gauge transformations [JA = 0. Otherwise one can notice
that the gauge transformation rule for the field C coincides with the one for 9 - ¢ — 0D.
Therefore one can express the field C in terms of the fields ¢ and D before constructing



the BRST invariant Lagrangian and thus consider a “doublet” formulation for the free
reducible higher spin modes. However in a case of interacting triplets, depending on a
particular vertex under consideration it is not so easy in general to guess a correct form
of the expression of fields C; in terms of the fields ¢; and D;. Although in the particular
example of a cubic interaction considered in the present paper one can still do so (the gauge
transformation rule for ¢, C' and D fields which describe the higher spin triplet does not
change, whereas the scalars do not bring about C fields [1]) we keep the field C' from the
beginning in order to keep a systematic BRST approach for interacting triplets.
The Lagrangian above can be written in a fully symmetrized form

L=—— (092 + 5(0-9) — 5(0-¢)(@D)

2(s+1)
s—1)(s—2)
2

+s @p) — & (9. D)2 (3.3)

where we have used the following identity for any symmetric field of spin s

1

— (09— 5(0- ) (3.49)

(auQD)Q =
We will also use the following identities and conventions described in [29]

OP o) = 00P2p + 207100 + 0P ¢/,

oP 91 = <p+q> aerq’
p

D-(0P ) = 0aP Ly + 9P, (3.5)
87’]k _ 877k_17

/
<77k T(s)> = [d+2s+k—1)] 0T, + UkT(/s) ,

The symmetrization notation is the one of [29]. Finally, for completeness we give the
Fronsdal Lagrangian [5] for an irreducible higher spin field ¥

L= —%(8,»1’)2 + 8(84_ Dio.wy+ 5097 o0
+2 Dy 00w+ DD 6 yye. )

Spin-2. We make the ansatz

WY = @ =V, — An,, ¥
Wi=¢ —2D=0 (3.7)

By direct substitution in (3.2) we can easily see that the ¥,,, U fields decouple for A =

_d—iQ and the Lagrangian becomes

jnz

1

m(aﬂz)?. (3.8)

1 / Lo
L= —50u00)" + ()" + ¥ 0,0, 9" + 2(0,¥ )" —



The Lagrangian above describes a massless spin-2 particle and a scalar. We note that the
normalization of the kinetic term of the scalar is not canonical and this will have to be taken
into account when computing the current exchanges since the residue of the propagator
will not be the standard one. Now we can solve (3.7) for ¥, and ¥ in terms of the fields
WS; o and W4 the solutions is

1
\Il;w = WQO;;W - mn;ww;

T =W;. (3.9)

Spin-4. The above spin-2 result suggests that we expand the ¥, fields in terms of W{.
This is a crucial observation based on the fact that: i) W{ transform like irreducible modes
but with traceful parameters of gauge transformations ii) the fields ¥, since they are
irreducible, should be double traceless \IJ;; =0, n > 3, and should transform with traceless
gauge parameter. We make the ansatz

Uy = W) + AgWi + Bp*W?
Ty = W; + CW3 (3.10)
Wy = W3

where U,, denotes irreducible higher spin modes with spin n. From (3.10) and (2.28) one
can see that, the gauge transformation rule for the field U, is 60, = dA5 with Ag given by

Az = Az + AnAj. (3.11)

If we demand that As is a traceless tensor of the third rank, as required by [5] we get
A= _d+—2’ However the requirement of the “proper” gauge transformation does not fix
all coefficients in (3.10). In order to fix the remaining coefficients one uses the condition
U =0 and

Wiy = ——_latt] 4 94 ypett 3.12
oy = el L (3.12)
to obtain
_ 1 p__ 1 (3.13)
d+2 Cd(d+2) '

So the double tracelessness condition allows us to fix most of the coefficients in (3.10)
and moreover guarantees that Wy transforms as an irreducible field of spin 4 in agreement
with [5]. We note that we could have tried to put a WY term in the expansion of ¥y but
this would give gauge transformation terms of the form 0 - A3 which are not appropriate
for an irreducible mode. The remaining coefficients in (3.10) cannot be fixed by the double
tracelessness condition. We assume that the decomposition of Wy, W in terms of Wi and
W? is the same as the decomposition of the spin-2 triplet in (3.9), that is we set C' = _d+-2'
This assumption will be verified later on when we will demonstrate that this choice leads to
a complete decoupling of the W, fields in the free Lagrangian. Of course we can solve the
equations above for W or for ¢, D in terms of for ¥y, U5 and W. The resulting expressions

,10,



are (the subscript in ¥,, denotes the rank of the symmetric tensor field):

1 1
WS = Uy 4+ ——nU + —— 7’

d+2 d(d —2)
1
L — Oy + —— 0 3.14
Wy 2+d_277 0 ( )
W2 =,
and
= 0, + Uy + ! 2y
AT AT T T ga =)
1 2 1 2
D= |V 4+ -2 Ut —— g0+ = 0. 3.15
s M1 T a2 T a2 T aa— g™ (3.15)

At this point we have managed to construct fields ¥,, which satisfy the Fronsdal off-
shell condition \I’;; = 0 but this is not enough. We should check that the decomposition
in (3.10), or equivalently (3.15), decompose the Lagrangian (3.3) into a series of Fronsdal
Lagrangians for the irreducible fields ¥,,. We demonstrate this explicitly for the s=4 case
in appendix A, where we show that all cross-terms between W,,, n =0, 2,4 vanish.

Spin-s. The above arguments draw a clear strategy for finding the decomposition for the
general spin-s. We assume an expansion of the form

(5]
U= pg(d—2,s)nIWi. (3.16)
q=0

Imposing the double tracelessness condition it turns out that we get more equations than
parameters since the traces of ¥V are not written in terms of W only (see 3.12).

So the system seems over-constrained since we have to demand that both the coeffi-
cients of go[q} terms and W1 vanish after taking the double trace. Nevertheless, surprisingly,
we find a solution

Pg—1(d — 2, 5) (=1)%(d +2(s — g — 3))"

Pald =2 8) = = S —g=2) ~ (d+2(s—3)1 (3.17)

which appeared in [13]. In the same manner we can show that in general

[5)-k
U op = Y pgld—2,5— 2k Wit (3.18)
q=0

Tt should be clear that the basis we have chosen for the decomposition in (3.16) is not the largest
possible we could have constructed. In principle the independent “basis-vectors” we could have written are
@, D and all their traces, a total of s + 1 terms. We have used instead only the [$] + 1 linear combinations
of them given by W{. This is motivated by our observation that the gauge transformations of W¢ have
the proper form for giving irreducible fields gauge transformation with traceless gauge parameters. It is
plausible that our basis might not be unique.

— 11 —



are doubly traceless fields. Taking the gauge transformation of this equation we can show,

using pi(d —2,s) = pi(d, s — 1), that 6W_o = OA4_or with the traceless gauge parameter
(5]

Recioop =D pyld,s — 2k — DAt (3.19)

q=0

If one tries to invert these equations one gets a system of [§] linear equations with a lower
diagonal matrix. We write an expansion of the form
(5]—q

WE= 3" pild, s — 2q)7" Vo o (3.20)
k=0

Generalizing equations (3.9) and (3.14) for the cases s = 2,4,6 we make an ansatz

(d +2(s — 2k — 2))!
d+2(s— k-2

prld, s) = (3.21)
To verify our ansatz we insert (3.20) in (3.16) and vice versa. Then i.e. inserting the
expansion of W{ into the expansion of ¥, we should get a Kroenecker delta on the r.h.s.
of (3.16) as it is required by consistency with the L.h.s. . The same for the other way
around. We finally get the condition

u u

50,u = Z (Z) ﬁn(da h)pufn(d_z h_2n) = Z (Z) ﬁufnn(d’ h_2n)pn(d_2’ h) (3'22)

A direct computation with Mathematica gives a non-vanishing result only for v = 0, which
implies the validity of the ansatz (3.21) as a solution of (3.20) for arbitrary spin s. We
have also checked it by hand up to spin 6. Further on we need the expansion of ¢, D in
terms of ¥ in order to verify that the irreducible modes decouple among each other and to
determine the normalization of the kinetic term for each HS irreducible mode. These are
given by

(5]
o =W0=>"pi(d,s)n Vo
k=0
1 1 [5]-1 (5]
D= OV = Wh =5 3 el ) Voo 3 puld i M (329

Now we can insert these expressions in the action (3.3) and verify that all cross-terms vanish
and therefore the fields decouple. We have done this only up to spin 4 (see appendix A)
but we are confident that it works for all spins. In any case taking as a fact the decoupling,
the next thing to do is to compute the normalization of the Fronsdal Lagrangian for each
irreducible higher spin field as it appears in the original Lagrangian (3.2) after we insert
the decomposition (3.23). For this computation it is more convenient to use (3.3). The key
point is that we should look for the normalization of the (9,¥,)? term for each irreducible
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field. The standard normalization in Fronsdal Lagrangian (3.6) is —%. In this manner

we get from (B.6) the normalization for the propagator (the inverse of the prefactor of
(0, ¥ 5_9x)* terms multiplied by 2)

2k k(s — 2k)!

Q(S,k>d) = S'ﬁk(d, S)

(3.24)

3.2 The current-current interaction

In this subsection we will rewrite the interaction Lagrangian (2.27) in terms of the irre-
ducible HS fields ¥,,. We will be interested in an interaction term which contains a single
W{. The resulting Lagrangian term after we insert (3.20) is
[5]—4
L(s,h) = W{ - Js2q = Z pr(d,s — 2Q)(77k‘1’s—2q—2k) Js—2q (3.25)
k=0
where h = s — 2q. Using the identity (B.2) and

0 - Jo_aq = (2k — 1)1, (3.26)
we get
[5]—a Il [}
h) = Z: ﬁk(d,s )m\l’h 2k * Jh . (327)
The Lagrangian can be written as
h
Z —ok - Wh—ok (3.28)
k=0
with .
Tn_or = prld, ) JH (3.29)

SR — 21
The currents .Jj,_o, are conserved since Jj, are conserved for on-shell scalar fields in (2.29).
As explained in [13] we can compute the current-current interaction between those currents
using a projector of the form® P"~2¥ although the currents are not doubly traceless as
one would naively expect. It can be shown that despite this apparent paradox, the correct
number of physical modes is exchanged when we compute the current-current interaction
for conserved currents just as in our case. Actually we can see that, if we try to construct
double traceless currents from the currents of (2.29) exactly as in (3.16), we get a current
which is not traceless conserved (traceless conserved current means that its double trace and
the traceless part of the divergence vanish separately) as it is required by gauge invariance

of the total, free plus interaction, Lagrangian.b

® The operator P is polynomial of powers of Nuv and 1., = Nuw —puPy —PvPp where pPP=p=0,pp=1,
which guarantees that only physical degrees of freedom are exchanged between external currents. When
acting on conserved currents the expression of P simplifies and becomes completely independent of p,,
see (3.32).

5Indeed gauge variation of the free plus interacting Lagrangian leads to the condition

5£:/A8-J:O (3.30)
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The expression for the current exchange of two conserved currents coupled to the
irreducible higher spin fields Wj,_o; is given by

7 h—2k 7§ n n
Jh—op - P cJh_op = E pon(d—2,h — 2k J, A, 3.32
h=2k h=2k = ( )2"n!(h—2k:—2n) h=2k = “h=2k ( )

including the propagator normalization (3.24) and using the expressions of .J,_o;, from (3.29)
we can write the current exchange for the Wy field (after a shift & +n = u)

h ~ 2
1? (s — h+2k)! pr(d, h) .
Als (! EE% s 22k (k1)2p, NECA) (8:33)

h
2

Pu—k(d—2,h —2k) f) )
— 2u—k(y — k)(h — 2u)!Jh T

A change in the order of the summations leads to the expression

pe B! gl gl & s—h+2k 0 pe(d,h)?
s' 2“ —2u) £ 2k kN2 (u — k)! Proy 2zt ny(d, 5)

A(s, h) = pu_ie(d —2,h — 2k). (3.34)

This is our final expression for the current exchanges written in terms of irreducible fields.
This expression has some remarkable properties. In particular, taking h = s and us-
ing (3.22) we get the extremely simple expression

A(s,s) = Js - Js. (3.35)

We see that all traces of the currents have cancelled. We shall see in the next section that
this is exactly the result which is obtained after using the propagator of the W? = ¢, field.
What is even more remarkable is the fact that in the above result the only non-vanishing

contributions are those where u < maz([552], [2]). We have checked this property numer-

ically with the use of Mathematica for several values up to s = 100. This is perfectly
consistent with the value one can expect for the form of the propagator for the p-th trace
of s (see (4.12)), which gives further support to our results.

4 Current exchanges for triplets

In this section we will repeat the computation performed in the previous section using
a different method. We will gauge fix the Lagrangian in (2.24) in a specific gauge in
which the fields ¢, D decouple from each other and we shall write down the propagator for
those fields in this gauge. Computing the current-current interaction we will confirm that

which requires, for a double traceless current J of spin s, that

1 /

since the gauge parameter is traceless for the gauge variation of an irreducible field.
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our result (3.34) has the correct form and the remarkable constrain on the current traces
mentioned after (3.35) appears naturally in perturbation theory formulated in terms of
reducible fields. We will also demonstrate the equivalence of the two methods with several
non-trivial examples.

4.1 Gauge fixing and the propagator

The most straightforward gauge is the one where the auxiliary field Cs_; in (2.24) is set
equal to zero. The gauge fixing (R¢-gauge) term in the Lagrangian has the form

1
Le=——C 4.1
Y. (4.1)
The gauge fixing procedure requires the introduction of a Faddeev-Popov determinant in
the path integral

Z- / dwe 5 / (dQ)[dC][AD] A pp3(C — w)el+Ee (4.2)

where using the gauge transformation of C' from (2.26) one gets

App = det (g—i) = det(O). (4.3)

The FP determinant is field independent and can be absorbed into the normalization
constant of the path integral. Obviously, the presence of interactions in the Lagrangian
will make the FP determinant field dependent, requiring therefore that we introduce ghosts
just as in QCD. In our case though the interaction (2.27) is abelian since it gauges the
abelian rigid symmetries of the free scalar Lagrangian (see i.e., [1] and [19]) and ghost fields
will not be needed. On the contrary, when we consider the full interacting Lagrangian as
ie. (2.16)—(2.22), we will need FP ghost fields for a consistent quantum theory. This,
however, will not affect tree level amplitudes in full analogy with QCD, since external
states are always on-shell, but it will play an important role in loop amplitudes and in
the optical theorem. We leave this and other interesting issues for a future work, where it
would be very interesting to consider a consistent interacting theory beyond the tree level.

The value of the parameter £ interpolates from Dedonder-Feynman gauge for £ = 0
to Dedonder-Landau for ¢ = 1.7 The most useful gauge for our purposes is the Feynman
gauge which basically decouples the field C' completely from the path integral and the

gauge fixed Lagrangian takes the form

s(s—1)

1 2 2
L Le=o=— 5 (Oup)” + 9 (0uD)*. (4.4)
" Notice that in the literature for QED the R¢ gauge fixing Lagrangian is given by L¢ = f%(a#A“)

and the Feynman gauge corresponds to & = 1. This corresponds to adding (4.1) to (2.24) for the spin-1
triplet, integrating out C' first, which gives C' = 9, A", and then gauge fixing with a §(9 - A — w) condition
in the path integral. This procedure gives us for £ = 1 the Feynman gauge and for £ = 0 the Landau one.
This is exactly the opposite identification from the main text where gauge fixing C' as in (4.2), rather than
integrating it out, we get Landau gauge for £ = 1 and Feynman gauge for £ = 0.
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It is instructive to use the equations of motion for C' from (2.25) to deduce the form of the
gauge fixing in terms of irreducible fields. Inserting (3.23) in the second equation of (2.25)
we get
[5]-1 1
C=0-¢—-0D= Z pi(d, s)n* <3 W ok — 53‘1’;%) (4.5)
k=0

where in the r.h.s. we recognize immediately the Dedonder gauge fixing term in the paren-
theses. The Feynman gauge fixing corresponds to setting C' = 0 in the Lagrangian.

We notice from (4.4) that the two fields ¢, D have decoupled completely from each

other, allowing us to simply invert their kinetic operators in order to get their propagators

"7;“(1/177;@1/2 s nusus)

Aps p, p3v) = 24 (4.6)
1 77/.11(V1"7}L2V2 s ”7}14 —2oV, _2)
AD;u,D;v) = — smevs
(D3, Div) s(s—1) p2(s —2)!
A(p;p, D) =0

where the parentheses in subscripts signify symmetrization with respect to one set of the
indices i.e., v1,...vs. Notice the negative sign in the propagator of D. The field D is a
“ghost” field. For other gauges like the Landau one, the fields ¢, D do not decouple after
integrating out the auxiliary field C' and it is quite non-trivial to diagonalize the kinetic
operator to get the propagator of these states.

Let us see how this procedure works explicitly for the spin 2 case. The propagators
for the irreducible fields Wo, ¥ from (3.8) in the Feynman gauge are

2
A(Wa: 1, Uy: 1) = Ny Mpavs T 77M1V27;;;)22V1 = a2 NMuip2Mvivs

d—2

A(Wy, Wy) =
(Wo, Vo) o

(4.7)

where we have taken into account the normalization factors of the kinetic term of W,. Now
using equations (3.9) we can deduce the propagators for the fields ¢ = ¥y + #277\1’0 and
D = W)+ 750,

=3
Alpsp,piv) = nm”m”ngQnWQnum (4.8)
1
A(D,D) = —— 4.9
Ap;p, D) = 0

where we easily see that the fields ¢, D are decoupled from each other and the propagators
agree with (4.6). The fact that this decoupling is special to the Feynman gauge can be
seen if we repeat the procedure described above in Landau gauge where the propagators
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take the form

1% 1% + 1% 1%
A(Wy; 1, Uy ) = el 22p277’“ L (4.10)
277/,L1/,L2777/1 vo + Npqvq PpoPry + 3 permutations
- d—2 p2
2p?
d—2

From the form of the propagators above we can easily compute the propagator A(y; u, D)
and indeed we find that it is non-zero and therefore the fields do not decouple.

4.2 Current exchange and comparison

In this section we will compute the current-current interaction for the Lagrangian (3.25)
using the propagators in (4.6). For this we will need to compute the propagators for
arbitrary traces of the fields A(Lp[p},cp[p}). There are obviously propagators of the form
AP pld) for p # ¢ but they will not be needed for the current exchange computations
we consider in this note. From the form of the propagators in (4.6) and the use of (3.5) we
can deduce the general form of these propagators

p
AP e2) = S Bl A (6 i Lo i2)  (412)
k:max(Qp—[g])

where p € [0,[5]]. The notation needs some explanation. The two sets of indices for the
two fields of the propagators are denoted in a shorthand notation in which, 1 stands for
the g1, pa, . .. ps—2p subscripts of the first field and 2 for the vy, 19, ... vs_9, subscripts of
the second field. The propagators in the summation on the r.h.s. are the usual propagators
of (4.6) for the field with spin s — 4p — 2k. The coefficients By(s,p) are unknowns to be
determined by the explicit calculation. This has not been achieved for the moment in the
general case. The lower bound in the k-summation is obvious since the minimum spin of
the propagators in the r.h.s. is zero.

Now, an important observation is that each n]f_kng_k term will give us a current-
current interaction proportional to J% ~F. J77% . The lower bound of the summation means

that the maximum trace of the currents allowed in a gp[f] exchange can be written as

maz ([3] = pp) =maz (*52.[3]) (1.13)

We immediately recognize the bound we deduced numerically from (3.34). The equa-

tion (4.13) explains the surprising constrain which we pointed out in the last paragraph of
the section 3. This fact strongly indicates that the procedures described in section 3 and 4
are completely equivalent. This was not obvious at all in the expression of (3.34) but it is

a direct consequence of our A(gp[sp]; 1, gp[sp]; 2) propagators in the theory formulated in terms

of ¢ and D.
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Since we have not achieved to the moment to compute the explicit expressions of the
By(s,p) coefficients we will proceed with a few examples which establish the equivalence
of the two methods we have used. Let us define

(s —h+2K)"  pr(d, h)?
2kE12(u — k)! ﬁk+[%](d7 s)

u

C(s—h,u,h) EZ

k=0

pu_i(d—2,h — 2k) (4.14)

which appears in (3.34). Numerical computation of the coefficients C(s — h, u, h) gives zero
s—h
5

for u >

Spins 2 and 4. We can easily compute the relevant coefficients C'(s — h,u, h) we will
need for the spin 2 and 4 cases

C(2,0,h) = 2(d + 2(h — 1)) C(2,1,h) =
C(4,0,h) = 8(d+2h — 2)(d +2h) C(4,1,h) = 16(d + 2h — 2)
C(4,2,h) = 4. (4.15)

From the explicit expression of the propagators in (4.6), the interaction La-
grangian (2.27) and the definition of W{ in (2.28) we get for the corresponding cur-

rent exchanges

A(2,2) = P2 I AW, W Ty = Jo - Jo (4.16)
A(2,0) = p*JoA(W3, W3)Jo = (d = 2)Jo - Jo

where A(s, h) is the current exchange for the W, field as in (3.34). The current exchange
is defined as the residue of the corresponding Feynman diagram for the current-current
interaction. We can compare (4.16) now with the expression from (3.34) using (4.15). We
verify that A(2,0) = %Jg - Jo while A(2,2) is given by (3.35) as expected.

The spin 4 case requires that we compute the propagators of traces of fields. The
relevant propagators, after a short computation, are given by

(d + 4)77;L1(l/1 Nuzvs) + 277#1#2 N1

A5 p,p'sv) =2

41p?
" " d(d + 2)
Alp ) = 8TpQ
L My (1 Mz va)
A(D: 1. D: = 2v2) 4.1
(D; p, D;v) TR (4.17)
d
AD, D) = ——.
DD = 1
For h = 2 we get
) - 2d +2)Jy - Jo + 2750 g1
A(4,2) = p* AW W) Jp = D 2 2 (4.18)
which is reproduced by the expression in (3.34)
1
(21)2 C(2,u,2) ]
4,2) = . . 4.1
A4,2) = > Z% PR (4.19)
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In a similar manner we obtain that A4(4,0) = %Jo - Jp. So we have shown that both
methods agree for spin 2 and spin 4.

Spin s and h=s-2 case. For this case we need to compute the propagator
A(p';1,¢':2). Keeping a more compact notation we find

2 <d+2(s—2)

Alg',¢') = ) s(s — 1)

Ay (1,2) 42— mM2Bsa(1,2) > (4.20)
p

s(s—1)(s—2)s —3)

The subscripts of A on the r.h.s. are the spin of the propagator from (4.6) and we have
suppressed the field variables and their space-time indices. The second term on the r.h.s.
implies symmetrization of each 7;,7 = 1,2 with the corresponding indices of the Ag_4(1,2)

propagator. When the propagator is contracted with symmetric currents J,;_o for both sets
(s—2)(s—3)

of indices then there are “—5—= terms from the symmetrization of each n; which result
into % traces of the currents .J 8[le for each set of indices. The final result we get is
A(s,s —2) = p*Je o AW WH T, (4.21)
d+2(s —3) (s =2)(s=3) ;m
=2——Js 90 Js o+ —F"F—J - J .
s(s—1) 2 2+ s(s—1) s72 Tsm2
The same computation should be reproduced by (3.34)
[5]-1
(s —2)12 C2,u,8—=2) [ [u]
—2)= . . 4.22
A(Sa S ) 3! ~ (S —9_ 2u)'2“ ‘]572 J372 ( )

Taking into account the constraint (4.13) we see that only u = 0,1 survive and a trivial
computation using (4.14) gives agreement of the two results.

Further examples become more and more tedious. Nevertheless, we believe that we
have demonstrated in a sufficient manner the equivalence of the two methods. Actually
our result in (3.34) can be used to extract the Bj(s,p) coefficients rather than trying to
compute them directly by taking traces of (4.6).

5 Conclusions

In this paper we developed a technique of constructing propagators for massless irreducible
higher spin modes from the Lagrangians describing the reducible higher spin fields. The
main motivation for this is that often the gauge-invariant Lagrangians describing the re-
ducible higher spin modes have a much simpler form than those describing irreducible
higher spin modes, especially when one considers interacting theories. This technique can
be straightforwardly generalized to the case of massive higher spin fields. As an appli-
cation we considered the current-current exchange amplitudes obtained from the cubic
Lagrangians describing an interaction of higher spin fields with scalars.

It would be interesting to generalise these results for the case of AdS space and for the
triplets containing fermionic fields. Another interesting application of our results may be
a computation of the higher order scattering amplitudes for systems which contain exact
vertexes in all orders in the coupling constant. A possible example of such kind of systems
is given in the present paper for massive and in [14] for massless bosonic higher spin fields.
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MT —35(09)% |[+4(0 - 9)%|—4(0 - ) D|+4(0D)?|-12(9 - D)*|Total
CEAIGAR) 5 0 —9 4 0 0
(0 \1/4)( 1)) 4 ] —4 0 0 0
(@ ié)(g 2) 0 24 —12 0 —12 0
CRAIGA 0 0 6 12 —6 0
CAATLD)

O -1 24 —24 24 ~12 0
O | —12(d +4)| 24(d + 4) | -12(d + 6)|  +48 —24 0
75&123)((861{02)) —6(d+4)| 24 | —6(d+6)|[12(d+4)] —12 0

Table 1. The numbers in each column indicate the coefficient of the cross terms of W, (first
column) from each term of the Lagrangian (A.1) (first row). “M.T” stands for Mixing Terms.”
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A Decoupling of the Lagrangian for spin 2 and spin 4 triplet

The Lagrangian for spin s=4 in (3.3) is given by

1
L= —To(a(kspuupa))Q + 4((8 ’ QDVPU))Q - 4(6 ’ SDVPU) DPe
+4(0Dyuy)? = 12((9 - Dy))? (A.1)

We insert the decomposition (3.15) and using (3.5) we get from each of the five terms of
the Lagrangian (A.1) the cross-terms listed in table 1.

As we can see all mixing terms have vanishing coefficients and we confirm that the
Lagrangian decomposes to gauge invariant Lagrangians for Wy, Wo, Wy. Since the fields ¥
are by definition doubly traceless and transform with traceless parameters (3.19), we can
deduce easily that the Lagrangians for the irreducible fields are Fronsdal Lagrangians. We
are only missing the correct normalization coefficient for each one of them. This will be
computed in appendix B for the general spin-s case. A few examples of our calculations
from the first term in the Lagrangian are

(W 4)(ndT3) = 10[0T) + 2(8 - ¥4)](0T4)

(n0W32)? = 10[(d + 6)(8F2)? + 12(9 - Uy)? 4 3(0T4)% 4 12(8 - Wo)(OW))]
(0W4)(n*0Tg) = 60(0 - ) (0F)) (A.2)
(n?0%¢) = 30(d + 4)(2(d - Ty) + OV (OW)
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Let us explain a bit how we get the result of the first equation in (A.2). The expression on
the L.h.s. has total 10 terms. These come from the symmetrization of n with OW¥y. Then
depending which terms 7 contracts from 0V, we get nwawzp‘” or nuyapllfflww‘. In this
way we obtain the two terms on the r.h.s. with the given multiplicities.

B Lagrangian normalization for irreducible fields

In this appendix we will prove equation (3.24) of the main text.

Using (3.5) and various manipulations we have the following identities

1)!
RO, )2 = (s + Ty o)+ ...
(1" 0Ws—24) ﬁk(d,s+2)2kk!(s—2k+1)!(8 s-2k)" F

@ b))’ = 2 s)2k—1(fk_—11);!(s —or ) O%e) (B.1)

(s —3)!

20w, 91)% = W op)?+...
(™" 0W 1) ﬁk_g(d,s—2)2k_2(kz—2)!(5—2k‘—|—1)!(6 s-2k)" F

where the dots are all terms involving traces and divergences of the fields ¥,_o, and we
have used the following combinatorial identity for symmetrized tensors contracted with
symmetrized tensors

(2k + q)!

(2k)!q! -
Notice that (B.2) is not an equality. What it means is that if the tensor of the Lh.s. is
contracted with a tensor totally symmetric over all the indices then we can substitute it

0t T, — n* x T, (B.2)

with the expression on the r.h.s. . The symbol x means the product of the two tensors
without symmetrization of their indices. We also remind the reader that as in [29] the
notation n* has a total of (2k — 1)!! terms unlike the symmetrization of a 2k-rank tensor
which has (2k)! terms.

Using the identities above we can insert (3.23) in (3.3) dropping the cross-terms and
keeping only the (O¥,_o;)? terms which are relevant to our case. We get

s! pi(d, s)

P IRI(s — 2k + 1)) poi(ds) (B.3)
<d = 2s — k) + — f;f;_llgk_ i 4k> (W o)+ ...
where we have used the identities
pr(d,s +2) = % (B.4)
Pr-r(d: 8) = dﬁ—i]i_;(id,—sk_f )1)'

Now we can use the following identity (which was used also to convert (3.2) to (3.3))

(0.9, = =0V ~q(0- 9,)" (5.5
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to arrive finally at

|
5 ! (0, T _op)? (B.6)

1
L S Y ) LS L a—
D = 5P S o

after we have used the identity

(d+2(s—2k))(d+2(s—2k—1)
d+2(s —k—1))

pr(d, s) = pr-1(d, s)

(B.6) should be contrasted to the coefficient of the first term in (3.6).
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